REPRESENTATION RINGS OF SLs(F,) AND S, MODULO PROJECTIVES IN CHARACTERISTIC p
Pavel Turek

Introduction Diagrammatic description

Let p be an odd prime and k& an algebraically closed field of characteristic p. The
representation theory of groups SLs(F,) and S, over k is not too complicated thanks . 0 o 0 o
to the fact that both groups have a cyclic p-Sylow subgroup. In particular, if one -
works modulo projectives (that is, in the stable module category), the question of
describing all modules is rather simple. Our tasks are to describe the indecompos- A S 0 — A\’ S 0 0
able non-projective modules and the representation ring modulo projectives (that
is, describe how to tensor the modules). Many of the preliminary results regarding 3 3
S Ly(IF,) have been established for a long time and can be found for instance in [1). A 8 ! A ! 8 !
ALs® 0 -\ 0 !
Notation and results
NG 0 - NS5 0 . "
Let E be the natural kS Ly(F,)-module. The non-projective irreducible modules are
Sym'E = k,Sym' E = E,Sym° E,Sym° E, ..., Sym’ * E. sgn A’ D D 0 -D  —A’D  —sem k S E S'E 0 ~S'E —S*’E -k S F S E 0 -E  -S°E -S°E
Similarly for S, let S denote the Specht module S P=L1) of kS, and let D denote the
simple module DP~1Y which is a quotient of S. Then the non-projective irreducible AP S 0 _A°S
kS,-modules are Block € = 0 Block e =1
0 I 2 3 p-2
/\ D= ka /\ D=D ) /\ D ) /\ D RIS — SgI. /\4 S 0 = /\4 S Table 2: The diagrammatic description of the representation ring of kSLo(F,) in characteristic p modulo projectives when p = 7. The product of A and B is repre-
nted by boxes with magenta borders, where the darker version represents the modules left after cancellations. Note that the notation S° 1 d for the 7-th symmet-
The result which describes how to tensor irreducible kS Lo(F,,)-modules is known as ilec peowez_ o T PO, T T T TR TP T T A T, MO R T e B A e e
the Clebsch-Gordan rule. Using explicit maps, Green correspondence and inductive RE ; At The non-projective indecomposable modules of k.S, are represented by green boxes in Table 1 and similarly for kS Ls(TF))

in Table 2. Note that the darker green is used for the irreducible modules. The middle white boxes represent zero modules
and red boxes represent negative modules which are obtained by reflecting along the column of zero modules. In Table 1

A S B 0 ~A*S  the module QV,; corresponds to the box in row 4 (counted from below when the bottom row is 0) and column j (counted
from left starting with 0). So one can think of the columns as a sequence (V;), where our table only pictures one period of

argument I have established an analogous result for S,,.

Clebsch—Gordan rule

Let 0 < i < j < p—2. Then module Sym' E ® Sym’ E equals up to projective

1.Sym! " E@Sym! " E® - @ Sym' Eif i +j < p— 1 where the exponents
of the symmetric powers increase by two S 0 —S

2.9y 'E @ Sym! P E @ - @ Sym*P UV E if i +4§ > p — 1 where the
exponents of the symmetric powers increase by two.

Moreover the same remains true it we replace £/ by D and the symmetric powers

this sequence.

The advantage of this table is that one can easily perform multiplication. If one starts with two green boxes A and B, to
obtain the product one needs to add up some boxes which are in the row indexed by the sum of indices of rows of A and
k A°D | A'D 0 ~AN*'D —A’D -k B. In our example the index is 2 + 9 = 11. The columns of the boxes are recovered from (1) as follows. If A is in the
column j one needs to add up the boxes in columns which are at most j away from the column of B (note that one needs
Table 1: The diagrammatic description of the representation ring of kS, in  to keep in mind that the table has infinitely many columns, this is just one period). In our case j = 2 and so one needs

by the exterior powers.

. . . . . haracterist; dulo projectives when p = 7. The product of A and . . . .
We can introduce the following notation to obtain equivalent but more approachable %?gafeg;zeﬁtgdﬁc; Eoigsrziietchlfnezgznf o dors, chore the darten v to add up 5 boxes. These are given by squares with magenta borders. After forgetting the zero module and cancelling
formulas. Denote by U; the element of the representation ring of kS Ly(IF,) modulo represents the modules left after cancellations. the green module in column 2 with the red negative module one ends up with the sum of the modules in columns 0 and
projectives corresponding to Sym’ E (for 0 < i < p — 2). We extend this definition 1. The Table 2 is similar but we have two smaller tables corresponding to different values of e.

to any integer ¢ by setting U_; = 0 and requiring the sequence (U;); to be 2p-periodic
and antisymmetric along U,_, that i1s U; + Usp—o—; = 0 for any ¢. Then for any
v > 0 and any integer 7 we have

U; - Z/{j = Z/{Z‘_]‘ + Z/{Z'_j+2 + 0 Z/{7;+j (1)
Note that the same can be done for S,. We will denote the sequence by (V;);.

Algebraic description Further directions and references

To complete our tasks it is now sufficient to use the Green correspondence and the Let Rp denote the representation ring of kSp.modul.o proje(.:ti\./e.s. Similarly, use RE Aln iilﬁeresting iu.estiog coilcgrns applying Sc?u(;ﬁén.ctois to gfh modlules.t .Fi)r exam-
Heller operator (). To do that we will view () as an operator acting on the represen- for.the group 5 Lo(Fy). Oge .can describe the rl.ngs u.smg A primitive prth oot of unity ple, the symmetric and exterior powers are studied in {1 and the sequential papers
tation ring modulo projectives. We start with S, as the statement is simpler. which we denote by .Cp. This idea has appeared in 2| m_tlhe context of the stable module

category of the cyclic group Z/pZ. Define a = , + ¢, € Z|(y). References

Representation rings modulo projectives :
Isomorphisms

The map ®p : Z[a][X]/(X*P~* — 1) — Rp given by a — Vo — V; and X — Q)

Is an isomorphism of rlings. T2he analogous isomorphism for SLy(IF,) is given by 2] G. Almkvist, “Representations of Z/pZ in characteristic p and reciprocity
Cp o Za]| X Y]/(XP = 1L,Y" = 1) = Rp where a v Uy — Uy, X = Qly and theorems,” Journal of Algebra, vol. 68, no. 1, pp. 1-27, 1981. |Online]. Available:

Y = U, . https://www.sciencedirect.com /science/article/pii/0021869381902817

1] F. M. Kouwenhoven, “The Astructure of the green ring of GL(2, F'p) in character-
istic p,” Communaications in Algebra, vol. 18, no. 6, pp. 1645-1671, 1990.

Each non-projective indecomposable kS,-module can be written as Q'V,; where
i € Z/(2p —2)Z and 0 < 7 < (p — 3)/2 and this is done in bijective fashion.
The product Q"Vy;, - 22V, equals Q172(Vy; - Vsy5) and so (1) can be used. For
SLy(IF,) the form becomes US_, - Q'Us; where € € Z/27 and i € Z/(p — 1)Z.

Multiplication works analogously, that is we separately add €’s and ¢’s and use (1).




